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sect-1
This is a last in the series of three papers (following
MQT10, MQT11
[I7, I8]) and the theorem thm-1-1
and corollary
cor-1-2 1.2 below constitute the final goal of this series. Arguments of this paper are rather standard; all the heavy lifting was done before. Let us consider the following operator (quantum Hamiltonian)
We will never discuss this assumption. We are interested in the ground state energy * N (A) of our system i.e. in the lowest eigenvalue of the operator on H: with sufficiently small constant * > . Our purpose is to prove thm-1-1 Theorem 1.1. Under assumption (
1-10 (1.10)
where ℰ N is a Thomas-Fermi energy (see [L1] or ivrii:ground
[IS]) and S(Z m )Z m are magnetic Scott correction terms (see
Combining with the properties of the Thomas-Fermi energy we arrive to cor-1-2 Corollary 1.2. Let us consider m = m minimizing full energy
1-13 1-13 (1.13)
Then a ≥ N − and the remainder estimate in ( 1-10
rem-1-3 Remark 1.3. As = the remainder estimate ( Consider corresponding to quadratic form
where we select W later. By Lieb-Oxford inequality the last term is estimated from below:
where
is a spatial density associated with and
Note that due to antisymmetry of
where j are eigenvalues of H.
To estimate the last term in (
2.6) we reproduce the proof of Lemma ES3-lm:lo
from
ES3
[ES3]: According to magnetic Lieb-Thirring inequality for U ≥ :
with > small but independent from we ensure U ≥ CU / + C − U and then 2-10 2-10 (2.10) ∑︁
2-11 (2.11)
where we use ∫︀ dx = N.
rem-2-1 Remark 2.1. As one can prove easily (see also
we conclude that 2-13 2-13 (2.13)
It is sufficient unless we want to recover Dirac-Schwinger terms which unfortunately are too far away for us.
Therefore skipping the non-negative third term in the right-hand expression of ( 2-6 2.6) we conclude that 2-14 2-14 (2.14)
, +
Applying Theorem
[I8] we conclude that 2-15 (2.15) the sum of the first and the second terms in the right-hand expression of (
2-14
2.14) is greater than
To prove this estimate one needs just to rescale x ↦ → xN , a ↦ → aN and introduce h = N − and = N. Here one definitely needs the regularity properties like in
MQT11
[I8] but we have them as = , W = W . Also one can see easily that "−C " brings correction not exceeding C N as N ≤ .
Meanwhile for = , W = W 2-16 2-16 (2.16)
Lower estimate of Theorem thm-1-1
1.1 has been proven. 
where we don't care about last term as we drop it (again because we cannot get sharp enough estimate) and the first term in the second line is in fact
2.7) holds. Thus we get
where we added magnetic energy. Definitely we have several problems here:
N depends on A and there may be less than N negative eigenvalues.
However in the latter case we can obviously replace N by the lesser numberN := (n ≤ N, n ≤ ) as * N is decreasing function of N. In this case the first term in ( 3-3 3.3) would be just − (H A,W ) and the second would be . Then we apply theory of
[I8] immediately without extra complications. Consider A a minimizer (or its mollification) for potential W = W and ≤ . Then with an error O(N ) 3-4 3-4 (3.4)
One can prove (
3-4
3.4) easily using the regularity properties of A established in
MQT11
[I8] and the same rescaling as before. Note that the first term in ( 3-4 3.4) differs from the same expression with = (which is equal to Z ) by 
3.3) becomes
3-7 3-7 (3.7)
and as W = W , = the first and the third term together are ℰ , so we get again ℰ + ∑︀ m Z m S( Z m ). Now we need to estimate properly the last term in ( 3-7 3.7) i.e.
3-8 3-8 (3.8)
Rescaling as before, and using ( 1-14
1.14) we conclude that it does not exceed 3-9 3-9 (3.9) N
∫︁ ∫︁
where is of
MQT11
[I8] and we know that = ℓ − as ℓ ≤ and = ℓ − as ℓ ≥ . Estimating integral by the (double) sum of integral as ℓ(x) ≤ , ℓ(y ) ≤ and ℓ(x) ≥ , ℓ(y ) ≥ we get (increasing C )
This concludes the proof of the upper estimate in Theorem thm-1-1
1.1 which is proven now. , 138:243-335 (1993) .
